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Part 1:

Basic theory of the XY Spin Chain

Going back to:

Lieb-Schultz-Mattis 1961 (Katsura 1962, Pfeuty 1970, Barouch
and McCoy 1971)



L interacting %—spins:
H =C?®...@C2 dimH=2"

Canonical (up/down-spin) product basis:
1 0 : .
eo=|[1)= (0>7 e1=|1) = (1> (downspins = particles)

€ =€y ®...RQ €y, ae{O,l}L

Local observables: For A € C2%2 |et

Ai=1®...®A®...® I (acting non-trivially on j-th spin)



Pauli matrices:

x (01\ y (0 -\ 7 (10
“‘(10’”‘:‘0’”‘0—1

Spin raising and spin lowering operators:
L 1 X .Yy 01
a:= 2( +ic") = ( 00 )
s _ 1. x .yy_ (00
a.—E(a —/o)-(l 0)

10 . (0 0\
oo>’ aa_<o 1>_'N



Isotropic XY spin chain in transversal field:

L
4 z
H = Hxy=- ZMJ of1 0 0fla) =Y wio
j=1
L-1
= =2 Zuj(afajﬂ +aj113)) ij —2a; aj)
j=1
Variable coefficients: w; € R, p; € R\ {0}
Jordan-Wigner transform:
a:=a, ¢ ::alz...aﬁlaj, Jj=2,...,n

Canonical anti-commutation relations (CAR):

{Cjaclt} = jklv {ijck} = {CJ*’CZ} =0



Fermionic represenation of H:

L-1 L
Ho= =23 pl g+ ag) - Y will —2¢q)
j=1 j=1
= 2c* Mc + Eyl
Here Eo := — > wj, ¢ :=(cf,...,¢[),
w1 —H1
a
c:= , M:= —Hh
Cn —HL-1
“HL-1 Wi

M is the effective one-particle Hamiltonian of the XY chain,
acting on an L-dimensional space.



Bogolubov transformation (special):
M real symmetric, so there exists orthogonal U such that

UMUt = A = diag ()\))

Let

by

b=1:|:=Uc

b,

== {bj}jL:1 satisfy CAR and
L
H =2 \ibfbj + Egl = 2b*Ab + Eol
j=1

Free Fermion system!



Properties of the Fermionic operators {b;}}_,

> bfbj, j=1,..., L, pairwise commuting orthogonal projections

» N = ﬂ 1 ker (b7 bj) = ﬂ 1 ker (bj) one-dimensional.
Pick normallzed o € N ("vacuum state”).

> o = (b)) ... (b])Q, a € {0,1}F form ONB of H.
> All v, are eigenvectors of each b;-kbj:

wp o J 0 ifa;=0
bfbf%_{l if aj =1



Eigenvectors and eigenvalues of H:

All 1, are also eigenvectors of H:

Hio =2 > N+ E | va

Jiaj=1

o(H)=142 Z A+ E: aci{o1}t

Jioj=1

Ground state energy:

L
2> min{0,\j} + Eo
j=1

non-degenerate <= \; # 0 for all j



Finding eigenvalues and eigenvectors of H has been reduced to
finding eigenvalues and eigenvectors of
Wi —H1
M = —H1 w2

—HL—1
—HL-1 wr

Lieb, Schultz, Mattis (and others in 1960s):

wj=C, pj=CG = Exactly solvable!

In general: Dimension of Hilbert space reduced from 2& to L.
Hope: Qualitative properties of M imply qualitative properties of
H.



Exercise 1 (Dynamics of ¢;):

Denote the Heisenberg dynamics of A € B(H,) by
7¢(A) == et Ae=tH
Show that
ri(g) = (e72M) «
¢ it
Thus: One-particle dynamics e2Mt determines many-body
dynamics 7¢(c;).

Problem: Jordan-Wigner is non-local. How to “undo”
Jordan-Wigner to get dynamics of local operators such as aj, aj’-‘?



Solution to Exercise 1:

Lemma

Te(bi) = e 2" by, m(bp) = e¥Mbp, k=1,...,L

Proof.

aTt(bk) = _iTt([bk7H])
= =20 ) Ajre([bx, b br])
j

= —2iMee([bk, bpbi]) = —2i M (by)

Also: 10(bx) = bx. Unique solution: 7;(by) = e/t by



Solution (cont.):

(i) b= Uc
(i) Lemma: 7(b) = e—2ithp
(|||) UMUt =N\N= e*"Mt — Utefft/\U

Thus:

() = etHeeith
etMytpe=itH
Ut eith pe—itH
Ute—2itNp
Ute—2itA e
e—ZthC

g.e.d.



Particle number conservation and second quantization:

Isotropic XY preserves number of down spins: H leaves
N
H(L ) = span{e, : Zaj = N}

invariant for all N =0,...,L. Let Hy := H|,H(N).
L



Second Quantization:

In fact:
Ho = Eo onspan{|1T...11)} (vacuum)
Hi = 2M+E, onCt
Hy = 2M"N +E on AM(CL)

Thus

H = 2c*Mc + Eo = 2dT ,(M) + Eo,

where dl ;(M) is the restriction of the 2nd quantization of M on
the antisymmetric Fock space

Fa(Chy=c?.



Part 2:
MBL Properties of the Disordered XY Chain

Survey of some of the results from:

Hamza/Sims/St. 2012

Klein/Perez 1992, Sims/Warzel 2016

Pastur-Slavin 2014, Abdul-Rahman/St. 2015
Abdul-Rahman/Nachtergaele/Sims/St. 2016 (Survey 2017)



XY Chain in Random Field:

L-1 L
_ X _X 7 _ L 2
H——E (07 a+1—|—a 1)—5 wjoi on H; =P, C
j=1 =1

Assume: (w;)?2; i.i.d. random variables, with distribution
dp(wj) = p(wj) dw;j, where p is bounded and compactly supported.

Effective Hamiltonian:

M = R 1D Anderson Model!



Known strong form of Anderson Localization:

Eigencorrelator Localization:

E <sup l(g(M))jkl) < Ce MUK

lgl<1

uniformly in L. (e.g. Aizenman-Warzel book)

In particular: Dynamical Localization:

E (sup |(e_itM)jk]> < Ce M=kl

teR

This implies various forms of MBL-type properties for the XY
chain:



Zero-velocity Lieb-Robinson bound
A, B € C?*2
Ai=1®...9A®...®I (in j-th position), By = ...

Tt(Aj) — eitHAjefit“H

Theorem 1 (Hamza/Sims/St. 2012)
There exist C < oo and p > 0 such that

E (igﬂgn[n(Aj), Bk]n) < cllAl|Ble i+

forall L, 1<j, k<L, A BeC?*?

Note: Requires averaging over disorder E(-).



Compare: Lieb-Robinson 1972 (and others more recently):

For a quite general class of quantum spin systems (with bounded
coefficients and bounded interaction range) it holds that

I[7:(A), Be]|l < CJIAl|||B]|e=#Ui=kI=vitD
v < oo group velocity

Deterministic result!

The Proof of Theorem 1 requires little more than the result of
Exercise 1 above and summing up two geometric series, see
Hamza/Sims/St. 2012.



Exponential Decay of Correlations ( “Exponential Clustering”):

Theorem 2 (Sims/Warzel 2016)
There exist C < oo and p > 0 such that

E (S;;E) |<¢,Tt(Aj)Bk¢> - <¢,Aj¢><¢’ Bk¢>|> < CHAHHBHe_“U_k‘

forall L, 1 <j, k<L, and all A, B € C?*2.

Here the supremum is taken over all normalized eigenfunctions
of Hand all t € R.

Notes: (i) Same for thermal states pg = e " /Tre=#H, with
expectations defined as (A),, = TrpgA.
(i) Earlier related work (ground state): Klein/Perez 1992



Area Law for the Entanglement Entropy:

Bipartite decomposition:
¢ L
Ho=MHa®Mp, MHa=Q)C:, Hs= (X) C
j=1 j=t+1
) normalized eigenstate of H, py, = |¢)(¢|, reduced state:
ol =Trg py
Bipartite entanglement entropy:

E(py) = S(p}) := —Tr pi} log pi}



Uniform Area Law:

Theorem 3: (Abdul-Rahman/St. 2015)
There exists C < oo such that

E (supé’(p@) <C
()

for all L and all 1 </ < L. Here the supremum is taken over all
normalized eigenstates ¢ of H.

Notes: (i) Method due to Pastur/Slavin 2014, who proved the
area law for the ground state of a disordered d-dimensional
quasi-free Fermion system.

(ii) No logarithmic correction in /.

(iii) Open problem: Analogue for thermal states? (Problem: £ is
not a good entanglement measure for mixed states.



Entanglement Dynamics:
Let

» Ha, Hp restrictions of H to A and B

> 1, P normalized eigenstates of Ha, Hg, pa = |¥a)(¥al,
pe = |YB) (V8]

> p=pa®pg (i.e. £(p) =0)

» pr = e tHpetH Schrodinger dynamics (“quantum quench”)

Theorem 4: (Abdul-Rahman/Nachtergaele/Sims/St. 2016)
There exists C < oo such that

E< sup 5(m)> <C

t A, Ys

for all ¢ and L.



Main tool in proofs of Theorems 2 to 4:
Quasifree States and their Correlation Matrices

Fact: Eigenstates p = p,, a € {0,1}%, and thermal states p = PB
0 < 8 < o0, of a quasifree Fermion system c*Mc are quasifree (i.e.
expectations of arbitrary products of the ¢; and cj‘ can be
calculated by Wick's Rule.

Also: The reduced state p” of a quasifree state p is again
quasifree.

Thus p is uniquely determined by its correlation matrix

M= (<Cjcl><k>p)jL,k:1

and p” by the restricted correlation matrix

*\ \C
r? = ((Cjck>p)j,k:1



In particular, the proof of Theorem 2 is based on
(Vidal/Latorre/Rico/Kitaev 2003):

S(p) = —Trplogp =trh(l,)
where h(x) = —xlogx — (1 — x)log(1 — x). Same for S(p*).
If o(M)={)\;:j=1,...,L} is simple, then [, = xa,(M),

where
Aa = {)\j Q= 0}

The proof of Theorem 2 uses that, by Anderson localization of M,

B (sup (v, (M)l ) < Ceri

See Pastur/Slavin 2014 and Abdul-Rahman/St. 2015 for more
details.



Exercise 2: Correlation matrix of a free Fermion system
Show that I, = xa, (M) if 0(M) is simple.
Recall:
UMU* = diag ()})
b= Uc
rpa(jv k) = <1/}ou CjC;wa>
Yo = (b)™ ... (b[)*Q2



Solution to Exercise 2:

Step 1:

<¢a7bjbltwa> = <b*waabkwa>

_ ifj#koraj=1o0ra,=1,
N if j =k and aj = 0.

Step 2: ONB £ with Mf; = \;f;, thus (k) = U(j, k).

G =Y fili)be, ci =Y fi(k)b
V4 r



Thus

FpalUsk) = (Yo, Gicgtba)
= ng )fo(k) (Yas beb; o)

= ng )fo(k) (Yas bebj o)

= Z fo(j) fo(k)

EZOLZIO
L:ap=0
= (0, xa.(M)dx) (simplicity)



Without providing details we mention that most of the above can
be extended to the anisotropic XY chain in random field:

L-1 L
Hy = =Y (1+Nofofa+ 1 —7)0)0)tn) = Y wiof
j=1 J=1
= C*MC + Eyl
Here C = (c1,...,c,¢f,. .., ) C = (cf,...,¢f,c,...,cr),
~ A B
Block Anderson model: M = <—B —A>
w1 -1 0 -
a=|"t , B=|"



To reduce this to a free Fermion system one needs

General Bogolubov transformations (with mixing of
creation/annihilation operators, not conserving the vaccum):

W € C?1%2L is called a Bogolubov matrix if

W unitary and WJW*® = J, where J = <(I) é)

If C satisfies CAR, then
B = WC satisfies CAR <= W Bogolubov

More details on anisotropic XY: See Hamza/Sims/St. 2012,
Abdul-Rahman/St. 2015



Part 3:
Droplets in the Infinite XXZ Chain

Based on:

Starr 2001

Nachtergaele/Starr 2001
Nachtergaele/Spitzer/Starr 2007
Fischbacher 2013
Fischbacher/St. 2014



Infinite spin configurations:

H = Hz Hilbert space with (formal) ONB

B —{ea—®eaj a e {0,1}2 Zaj<oo}

JEZ

Infinite spin configurations with finitely many down-spins
(particles), for example

= | AT L)

Recall: ¢y = (é) =1 a= (2) =4



The infinite free XXZ chain:

H = Hz = Z hijiv1
i€z

1 1
hiiv1 = Z(/ - UIZUIZ-H) - E(Oﬁxffﬁl +U,Y0'I)Sr1)

1 * * 1 * * * *
= 5(3,' aj + ajy1ai41) — E(ai aj+1 + aj113;) — aj 3jaj13j41
Note: e, € B = hj ;1€ # 0 for only finitely many i. H maps
span B to span B.
In fact: H is essentially self-adjoint and unbounded on span B.
Write: H = Hlspan 5-
Choose A > 0 (ferromagnetic), non-degenerate ground state:

Hi... M. =0



Particle number preservation:

HN) = span {e, : Zaj = N}
J

is invariant under H for all N =0,1,2,.... Thus H=@y_, Hn
for the bounded self-adjoint operators Hy = H|yw).

More precisely: Consider Fermionic N-particle configurations:
Xy Z:{XEZNZX1<X2<...<XN}

Identify
€q = 0x =: Ox,

the standard basis vector in £2(X)y) such that
{x1,....xn} = {j : aj = 1} (positions of down-spins in e,).



Explicit calculation: (Possible Exercise: Do this calculation!)
Ho=0on|... ™11 ...) and

_ 1
Hy = Hlpym) 2 —ﬁhg"“ TWEN, N>1

Here h(()X"’) is the adjacency operator on £2(X)y):

(O = S fly)

YEXN,|Ix—yli=1

and W the attractive next-neighbor interaction potential

W(xi,....xn) = —#{ : 41 =x +1} = — Z Q(|xk — xe)

1<k<t<N

with Q(1) =1, Q(r) =0 for r # 1.



X1

) w2

hy

1

T 2A

Figure: H,



Hy is a bounded s.a. operator on £2(Xy), |[Hy| ~ N. May
use H := @, Hy to define infinite XXZ chain.

XXZ chain is mapped to an interacting infinite Fermion
system!

The infinite XXZ chain is exactly solvable by the Bethe ansatz
(Babbitt/Thomas/Gutkin 70's to 90's,
Borodin/Corwin/Petrov/Sasamoto 2015)

From now on assume
A >1 (Ising phase of XXZ)

In this case we don't need the full Bethe ansatz (and its
completeness) to understand the low energy spectrum.



Floquet-Bloch analysis of Hy:

Hp is invariant under translation of the “center of mass”:
Tn(xg,.oooxy) =0a+1,...,xy +1) on Xy
In particular, Hy is purely absolutely continuous.

See Figure for N = 2.

If A sufficiently large: Expect surface spectrum with generalized
eigenfunctions concentrated along the “edge”

XN,l = {(Xl,Xl—l-l,...,Xl—l—N—l)IXl EZ}



Explicit results for N = 2:

—7,7)
_ 14/
1 ; 2A )
. 1+E_”9 2 . 1+em9
2A 2A
Ha(0) = e
T T2A

_ 14cos?

A > 1: Each Hy(?) has a single eigenvalue Ex(9) =1 SAS
below oess(Ha(1)).

1 2 2
o(Hy) = [1—A2,1} U [2—A,2+A}

= surface spectrum U bulk spectrum



A > 1: There exists surface spectrum below bulk spectrum.
A > 2: Gap between surface and bulk spectrum.

Generalized eigenfunctions for surface spectrum:

P9\ Xo—X
fﬁ(Xl X2) — i (1 + elﬂ) 2—X1

2A

Thus: fy quasi-periodic along surface, exponentially decaying in
bulk for A > 1.

Possible Exercise: Verify these formulas!






» Surface spectral bands §p contract monotonically to

500:{ 1_é}

o(H) = | | o(Hy) = {0} U1 — = 1+—]u5

EC%@

where S C [2 — %, 00).

» The “droplet bands” oy C [1 — %, 1+ %] have generalized
eigenfunctions which are concentrated on the edge Xy 1 (with
exponential decay in all bulk directions), corresponding to
states which form a single droplet of downspins in a sea of
upspins, i.e., linear combinations of

S T



> Note that Xy 1 is “one-dimensional” within Xy for all N, also
in the graph theoretical sense: (x1,x2,...,xn—1,Xn) € AN 1
has only two next neighbors in X:

(X1 — 1,X2, - ,XN_1,XN) and (X1,X2, coy XN=1, XN T+ 1)

> Expect: Adding disorder will localize the surface spectrum
(compare: Jaksic/Last/Molchanov/Pastur ~ 2000, and many
others).
Physically: Droplet can be viewed as a single quasi-particle
which will get localized within the edge Xy 1.

» Will this happen uniformly in N7 Can the result be
interpreted as MBL?



Part 4:

Localization of the Droplet Spectrum
in the Disordered XXZ Chain

Based on recent results of:

Beaud/Warzel 2017, Elgart/Klein/St. 2017



XXZ chain in random field:
H(w) = Hz(w) = Y i1 + A ) wiki

i€l i

) 1 00
hiiy1 = Z(/ —ofof) - E(leofjrl +olola), Ni= (0 1)-

Assume:
w = (wj)jez i-id., du(w;) = p(w;) dw;
p bounded, suppp = [0, Wmax]
Disorder strength: A > 0, Ising phase: A >1

Note: (i) > ;wiN; >0, (i) |... M7 ...) remains ground state,
E, = 0.



H(w) particle number preserving, ergodic under shift, o(H,,) = X
almost surely. In fact:

o(H,) = {0} U {1 - Z,oo) as.

Expect “localization” in droplet spectrum

1 2
h=|1->2-%
1 |: A’ A)



Finite volume chain on #() = @, C2.

H(L Zh,,+1—l—)\ZwN+ﬂ(N’ L+ N

i=—L i=—L

Assume: 8> 2(1— %) (“droplet b.c.”, Nachtergaele/Starr)

Particle number conservation: H(!)(w) = @y_, H (w)
1 (L) 1
HO(w) = —ﬁhéXN "YW NFAV + (B L

on 2(XP), where X{P) = {(x e Ay : L <xy < ... <xy <L},

N

Vo(x) = waj N-body Anderson random potential,
j=1

B =x_1 +xL (indicator functions of x; = —L and xy = L)



A better way of writing H,(\,L)(w):
(1) Replace W(x) = —#{j : xj+1 = xj + 1} by
W(x) = #{j : xj+1 > x;+1} = W(x)+N = number of clusters in x

(L)
(2) Replace adjacency operator h(()X"’ ) by graph Laplacian:

L= Y @) —w), e )

L
yeXxy, lIx—yli=1

(L) ~
Note: h(()X"’ = ESVL) 4+ 2W — x(D). Thus (1) and (2) imply

1 (L) 1
W) = =5 o™+ W N A+ (5 - )Y
1 0 1, Loi_1y,0
- 1— YW+ 2V, - -(1-+%
SN+ (L= WAV, + (8- (1 - D)X

> 0+0+0+0



Simplicity of the spectrum:

Lemma: (Abdul-Rahman/St. 2015) Almost surely, all eigenvalues
of HY) = H(L)(w) are simple. (Exercise: This holds for any s.a.
operator A + Z,-L:_L wiN; on @J-L:_L CJ? if the w; have a.c.
distribution. )

Thus: May label eigenfunctions of H(1) by ¢g, E € o(HD).

Definitions: (i) An observable X € B(H(1)) is supported on
Jc{-L,...,L} if X € B(®ic,C?) acts trivially on all other spins.
We write J = supp(X).

(ii) The correlation of ¢ w.r.t. observables X and Y is

Rx v (¥) := (b, XY9) = (¢, X¢p) (4, YY)

(iii) Fix 6 > 0 (arbitrarily small) and let

=i he-a(1- 1))



Theorem 5 (Elgart/Klein/St. 2017)

If AWV A —1is “sufficiently large”, then there exist C < oo and
m > 0 such that

E Z RX,Y(w) < CHXHHYHe_deSt(suPp(X)’suPp(y))
Eca(HD)Nh 5

uniformly in L, for all observables X, Y such that
max supp(X) < min supp(Y), or vice versa.

Remarks: (1) A\\V/A — 1 sufficiently large means more precisely:
There exists K > 0 (depending on § and the distribution 1) such
that for all A > 1 and A > 0 with

MWA —1min{l,A-1} > K

it holds that ....



(2) No dependence on sizes of supp(X) and supp(Y).
(3) Can take sum over all correlations in droplet spectrum.

(3) Result extends to dynamical correlation: For an interval | C R
let HD = PiHW and (X) = ™" Xe~tH"  Then

E | sup Z RT'L‘; (W) <...

(X),Y
R Eeo(H)A 5



About the proof of Theorem 5:

Special case: X =N = <0 1>i YV =Ni= (0 1>j

R (WE) = (e, Ni (I = [ve)(Vel) Nive)|
< [INellIN;Yel

Theorem 6 (Localization of MB eigenfunction correlators):

Under the above assumptions it holds that

E( > waENwa) < Ce—mli—l

Eca(HD)Nh 4

forall =L <i,j <L, uniformly in L.



Fact: Theorem 6 is not just a special case of Theorem 5, but it
can be shown to imply Theorem 5 for general local observables,
including its generalization to dynamical correlations.

Can a bit more about the proof of this be said? At least for the
case where both local observables are supported at only one site?

Had prepared to sketch proof on blackboard, but ran out of time.
Contact me for details or see Section 3 in Elgart/Klein/St. 2017.



Reduction of Theorem 6 to N-body eigenfunction correlators:
Restriction of A to N-particle sector (L fixed):

Qin = M|£2(XIEIL)) = indicator function of 5,-(5\3,

where
Si(%:{xe)(lsl” ;xj:iforsomejE{l,---,N}}

i.e., all lattice sites where random potential depends on w;.



Almost surely: Each g is non-degenerate and lies in a fixed
N-particle sector. Thus

INiellINvell = 1| Qinvellll Qnvell = || QinPeQjn

|1

Here Pg is the spectral projection of H,(VL) onto E, and || - ||; the

trace norm.
Thus, for any interval | C R,
— (L
> IwellNGell = Y @i 1)
Eca(HO)NI N=1
with the N-body eigenfunction correlators

Q,(\,L)(i,j; DIES Z | Qi.nPEQj N1

Eco(H\M)n1



Thus Theorem 6 is equivalent to
o0 . '
Z E (Q/(\IL)(iaj; /1,5)> < Cemli—l (1)
N=1

uniformly in L.

Remark: If one defines
() _SUP{HQI ve(H)Q, NH . suppg C I, g] Sl}

then Q,(\,L)(i,j; < Q,(\,L)(i,j; 1), with equality for N =1 (where
Qi n is rank one), but not for N > 2. This and Theorem 6 imply
with standard arguments that, almost surely, the infinite volume
disordered XXZ chain H(w) has pure point spectrum in /; ;.



Bounding the N-body eigenfunction correlators:

Instead of a proof we make a series of remarks (some of them
involving dry bones with little flesh):

Remark 1: We have reduced a result on many-body localization to
a result on Anderson localization for an infinite system of N-body
random Schrodinger operators. The challenge is that the latter has
to be shown with bounds uniform in N (in fact, summable in N).

Remark 2: Bounds on the N-body eigenfunction correlators Q,(VL)

are proven by (relatively traditional) Green's function methods.
Getting the eigencorrelator bounds from Green's function bounds:
See one (or both) of the preprints, which essentially follow known
methods from Anderson localization theory. If one can prove the
Green's function bounds uniform in N, this can be carried over to
uniform eigencorrelator bounds.



Remark 3: Once one has uniformity in N, then summability in N
in (1) is essentially due to a large deviations bound:

Vio(X) = Wiy + Wiy + - -« + Wiy

Thus
P(V, <1) < Ce=N

Thus the appearance of droplet spectrum in the random XXZ
chain is due to rare events: The sample size needs to be much
larger than N. Approximately: In a sample of size L, the largest
droplet is of size log L. For “full” MBL this should grow linear in L.

This is physically not (yet) satisfying! (We have only scratched the
surface.)



We discuss the Green's function bounds in infinite volume, so we
can drop the extra index L. All results also hold in finite volume,
with bounds uniform in L.

Remark 4: The Green's function bounds are proven separately for
the edge &)y 1 and for the bulk X'y 1 = Xy \ Xn1. These bounds
are then related by Schur complementation with respect to

(Xn1) @ P (Xna)

Schur complementation is also used to analyze the Green's
function along the edge.



Remark 5: The bulk Green’s function is controlled by a
Combes-Thomas bound:

Theorem 7 (Combes-Thomas bound)

Let A >1and A >0 and let PNJ denote the restriction of Hy to
/(X n.1). Then there exist constants C = C(A) < oo and

n =mn(A) > 0, independent of X and N, such that

Ixa(Hn1 — E — ie) gl < Ce—ndlstl(A,B)’

forall NeN, E € I 5, ¢ €R, and subsets A and B of Xy 1.

Here dist1(A, B) = infxcayep ;[ — yj| is the 1-distance of A
and B and x4, xs are indicator functions of A and B.



Recall: Hy = —55 Ly + (1 — %)W + AV, where
W(x) = number of clusters in (x, ..., xy)

Thus: W > 2 on Xnaand Hyp >2(1— Z)' i.e., above the
droplet spectrum /; 5.

This is the classical situation where Combes-Thomas bounds for
Schrodinger operators apply. However, the standard proof yields a
dimension dependent decay rate n/N.

Key in proof of an N-independent bound:
IWY2(Hu — E — ie)'W2|| < C(5, )

uniformly in E € I 5, e c Rand N € N.



Remark 6: The edge Green's function is controlled by a fractional
moment analysis:

Theorem 8: (Fractional moment bound on the edge)

If the parameters A and A are in the region described in
Theorem 5 (essentially: A\\/A — 1 sufficiently large), then there
exist C = C(A) and £ = £(A) such that

E (‘<5u, (Hy — E — ie)’lé\,)‘l/Z) < \Cf)\eélluv7

foral NeN, Ec€ s, €>0,and u,ve Xy ;.

Here ||u — v|| = max{|u; — vi| : 1 < i < N} is the oo-distance.



Remark 7: Note the difference between the 1-distance and the
oo-distance. One can't get a good (i.e. N-independent) “global”
Green's function bound. The latter would essentially have to use
the oo-distance, which is much worse than the 1-distance for large
N.

Instead, one works with a combination of Theorems 7 and 8 in
getting the eigencorrelator bounds from the Green’s function
bounds.



